Proof of the Superposition Principle Differential Equations X. Du

e Proof of the Superposition Principle:
Let y,and y, be solutions to a linear homogeneous differential equation.

Lemma 1. cy, is a solution to the differential equation.
Lemma 2.y, +y,is also a solution to the differential equation.
Thusy =c,y, +¢,Y,is also a solution to the differential equation.
Suppose thaty,, Vv,,..., Y, are all solutions of a linear homogeneous differential
equation. Then, any linear combination of these solutions is also a solution (this
result is trivial based on what we previously proved).
» jey=cYy,+GCY,+..+C,Y,Iisasolution

e Proof of Lemma 1:

o cy,isasolution to y™ + A(X)y" ™ +...+ P(X)y+Q(x)y = Qiff

(cy, )™ + AX)(cy, "™ +...+ P(x)(cy, J+Q(xX)cy, = Ois true.
o Given that y, is a solution to y™ + A(X)y" ™ +...+ P(X)y'+Q(x)y =0, then

v, + AX) Y, "+ + P(X)y,'+Q(X)y, = 0must be true.
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o oy, +AX)cy, "™ +...+ P(x)cy,+Q(x)cy, = 0 (multiply by c).

o (oy,)™ + Ay, "™ +...+ P(x)(cy, J+Q(x)cy, = 0. Apply linearity of
derivatives.

o ..cy,isasolutionto y™ + A(X)y" ™ +...+ P(X)y'+Q(x)y =0

e Proof of Lemma 2:

o Yy, +Y,isasolution to y™ + A(X)y" Y + ...+ P(X)y'+Q(X)y = Oiff
(y1 + Y2)(n) + A(X)(yl +Y )(nil) +..t P(X)(Y1 +Y; )""Q(X)(yl + yz) =0is true.

o Given that y,and y,are solutions to y™ + A(x)y"™ +...+ P(X)y'+Q(x)y =0,
then y, ™ + A(X)y," ™ +...+ P(X)y,+Q(x)y, = 0and
V" + AX) Y, 4.+ P(X) Y, +Q(X) Y, = 0 must be true.

o (™ +AMY D .+ POOY Q)Y )+ (1™ + A Y, + .+ P(X)Y, +Q(X)Y, )= 0

o YY"+ AN + Y, )+ PO+, ) +QUN(Y: +Y,) =0

o (Yt ¥o) + ACO(Y, + Y2 )"+ + POO(Y: + ¥, J+QUO(Y: + Y,) = 0. Apply
linearity of derivatives.
o ..y, +Y,isasolutionto y™ + AX)y" ™ +... + P(X)y'+Q(x)y =0



